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Abstract

We study the existence, multiplicity, and certain qualitative properties of solutions to
the zero Dirichlet problem for the equation —A,u = A|u[P~2u+ a(z)|u|??u in a bounded
domain Q C RN, where 1 < ¢ < p, A € R, and a is a sign-changing weight function. Our
primary interest concerns ground states and nonnegative solutions which are positive in
{z € Q : a(x) > 0}, when the parameter A lies in a neighborhood of the critical value
A* = inf {fQ \VulP dz/ [, [ulP dz - uw € WyP(Q)\ {0}, [, alul?dz >0 } Among main
results, we show that if p > 2¢ and either fQ apldr =0 or fQ ap} dr > 0 is sufficiently
small, then such solutions do exist in a right neighborhood of A\*. Here ¢, is the first
eigenfunction of the Dirichlet p-Laplacian in €. This existence phenomenon is of a purely
subhomogeneous and nonlinear nature, since either in the superhomogeneous case ¢ > p or
in the sublinear case ¢ < p = 2 the nonexistence takes place for any A > A*. Moreover, we
prove that if p > 2¢ and fQ ap} dz > 0 is sufficiently small, then there exist three nonzero
nonnegative solutions in a left neighborhood of A*, two of which are strictly positive in
{r € Q:a(x) > 0}.

Keywords: p-Laplacian, subhomogeneous, sublinear, existence, nonexistence, three solu-
tions, ground states, least energy solutions, positive solutions, fibered functional, improved
Picone inequality.
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1. Introduction
In the present work, we study the boundary value problem

—Apu = NulP"2u+ a(z)|ul?%u in Q,
{ p =Ml (@)l B

u=20 on 0,

where the p-Laplace operator A, with p > 1 acts formally as A,u = div (|Vu|p_2Vu), AeR
is a parameter, and  C RY is a bounded domain, N > 1. Unless explicitly stated otherwise,
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we always assume throughout the paper that 1 < ¢ < p and the weight function a € L*>(Q)
satisfies
QF £0, Q, #0, and a<0ae. in Q\QJ, (1.1)

where

QF :=U{U CcQ: Uisopenand a >0 a.e. in U},
Q, =U{UCQ: Uisopenand a <0 a.e. in U}.

Because of these assumptions, the problem (Py) is called subhomogeneous (¢ < p) and indefi-
nite (QF # ()). Nevertheless, a few of our results remain valid when a is a.e. sign-constant.

We remark that the assumptions on a can be weakened, although we do not pursue this
aim here in order to avoid technical complications which might obscure more essential aspects
of the work. In the model case of the continuous weight a, the sets QF can be equivalently
defined as QF = Int({z € Q : +a(x) > 0}), and the third assumption in (1.1) is automatically
satisfied.

The problem (P)) is understood in the weak sense. Namely, we say that u € Wol’p(Q) is a
(weak) solution of (Py) if the equality

/|Vu!p_2Vqupd:c:)\/ |u]p_2ug0d:v+/ alu|2up dx
Q Q Q

holds for all ¢ € VVO1 P(Q). Tt is not hard to see that solutions are precisely critical points of
the energy functional Iy € C’l(Wol’p(Q), R) defined as

1 1
Iy(u) := ];E)\(u) - q/Qa|uqu, where E)(u) := /Q |Vul|P dx — )\/Q |ulP dz. (1.2)

Remark 1.1. Any solution of (P)) belongs to C&’B(Q) with some 5 € (0,1). In fact, if u
is a solution of (P)), then u € L(Q), which can be shown by the standard Moser iteration

process (see, e.g., [35, Appendix A]). This implies u € C’é’B(Q) by the regularity results of [19]
or [44]. Tf, in addition, € is of class C1 for some « € (0,1), then u € C’é’ﬂ(ﬁ), see [33].

The distinguishing feature of (P)) to comprise a mixture of the subhomogeneous (even
non-Lipschitz when ¢ < 2) and indefinite natures made this simply looking problem a subject
of considerable interest over the last thirty years, and several important contributions to its
understanding have been provided only recently, even in the case p = 2 and A = 0. In
particular, thanks to the assumption ¢ < p and the presence of the sign-changing weight a,
nonnegative solutions of (Py) do not obey, in general, the strong mazimum principle. (See, for
instance, [40] for a comprehensive summary of maximum principles.) As a result, an emergence
of the so-called dead core solutions, i.e., nonzero solutions vanishing in a subdomain of €2, can
be observed. We refer the reader to, e.g., [6, 16, 32] for a deeper discussion which includes
explicit constructions of such solutions, their qualitative properties, and description of earlier
results in this direction.

Apart from the dead core solutions, two other classes of solutions of (Py) are of significant
importance:

1. Ground states and nonnegative ground states.



Definition 1.2. We say that a nonzero critical point u of I is a ground state (or,
equivalently, a least energy solution) of (Py) if Ix(u) < I(v) for any nonzero critical
point v of I.

2. Solutions which are (strictly) positive! in Q7.

In general, ground states may not always be either positive or negative in QF. Indeed,
(Py) might even possess sign-changing ground states, as it follows, e.g., from [32, Theorem
1.8] (see, more precisely, [32, Remark 1.9] for the construction of a two-bumps solution of (P))
in 1D case, one bump of which might be reflected over the z-axis to make this solution sign-
changing). On the other hand, under certain assumptions, there exist nonnegative mountain
pass solutions of (P)) which are positive in Q" but they are not ground states, see, e.g., [32,
Theorem 1.4]. Thus, the classes of ground states and solutions which are positive in ] are
independent. These two classes of solutions are the main objects of our study. Several known
results on the existence of such solutions with respect to the parameter A are collected in
Section 1.1.

The combination of subhomogeneous and indefinite natures suggests the consideration of
nonnegative solutions of the problem (Py) in the following three ranges of the parameter:

1. Nonpositive values of A\, with the special emphasis on the case A = 0. Such values of A
allow, in particular, a deeper investigation of the formation of dead cores or positivity,
and the study of uniqueness issues. We refer to the series of articles |29, 30, 31, 32] and
references therein.

2. “Middle” values of A. In this range, the primary interest is to consider the existence of
negative energy ground states and the multiplicity of solutions which are positive in Q.
The results of the present work correspond to such values of A, see Sections 1.1 and 1.2
for an overview.

3. “Large” values of A\. In this range, there are no solutions positive in QF (see Propo-
sition 5.2 below). However, nonzero solutions which vanish in QF might exist. The
existence and properties of such solutions, positive energy ground states, and so-called
compact support solutions are of the main importance. We refer to [5, 17, 18, 24| for
the consideration of these and related issues.

Let us mention that the problem (P)) in the superhomogeneous regime ¢ > p is somewhat
more developed.? The strong maximum principle holds in this case, which yields the positiv-
ity of any nonzero nonnegative solution. In particular, there are no nonnegative dead core
solutions, and there are no positive solutions for sufficiently large A. Although the base-level
multiplicity information for ¢ > p and ¢ < p for the “middle” values of A looks similar, the
structure and properties of the corresponding solution sets are completely different. The dif-
ference is amplified by our main results stated in Section 1.2. We refer the reader to the list
of classical works [2, 3, 7, 22, 26, 38] and to a more recent article [27] on the problem (Py) in

!Throughout this work, the words “positive” and “negative” mean “> 0” and “< 07, respectively. The word
“strictly” will be used occasionally for accentuation and clarification.

When commenting on the superhomogeneous case q > p, we always assume that ¢ < p*, where p* is the
critical Sobolev exponent for N > 3, and p* = +o00 for N =1, 2.



the superhomogeneous case ¢ > p. In the following subsections, we will comment on several
known results from these works in more details.

Finally, we mention that even when the weight a is sign-constant, various recent contri-
butions on the subhomogeneous problem (P)) have been made. In the case of continuous
a > 0, in which the strong maximum principle holds, we refer to [11] for the existence of least
energy nodal solutions (a is constant), to [12] for an overview on the corresponding eigenvalue
problem (A =0 and a(x) = u), and to [28] for the existence of infinitely many solutions with
negative energy converging to zero (the case of sign-changing a is also covered). On the other
hand, in the case a < 0, the problem (P)) has been investigated in, e.g., [5, 17, 18, 24], in the
context of study of compact support solutions. Note that such solutions also satisfy (P)) with
a sign-changing weight a whenever Q7 does not intersect with their supports.

In the following subsection, we briefly overview several known results, as well as new ones,
on the problem (P,) which are the basis of our further analysis provided in Section 1.2.

1.1. Behavior in the subcritical spectral interval

Hereinafter, for brevity, we denote by VVO1 P= VVO1 P(Q) the standard Sobolev space and by
I - |l the standard norm in the Lebesgue space L™ (), r € [1,+00]. The first eigenvalue of the
Dirichlet p-Laplacian is denoted by

IVl ,
Ai(p) = mf{ Hqup TS Wolp \ {0} ;.

This eigenvalue is simple and the corresponding first eigenfunction ¢, has a strict constant
sign in €, see, e.g., |4, 40]. Moreover, ¢, belongs to Cé’B(Q), g € (0,1), see Remark 1.1.
Hereinafter, we assume, without loss of generality, that ¢, > 0 in Q and ||Ve,||, = 1.

Noting that the energy functional I) defined by (1.2) is bounded from below and coercive
when A < Aq(p), it is not hard to show that in this case I\ has a global minimizer, this
minimizer has negative energy, it is a ground state of (P)), and any nonnegative minimizer is
positive in QF, cf. [32, Section 1.2]. On the other hand, by taking u = tp, and letting t — 400,
we see that inf{l\(u) : u € Wol’p} = —oo when A > Ai(p), and hence no global minimizer
exists. Consequently, ground states of (P)) cannot be characterized as global minimizers of
I for A > Ai(p). In the borderline case A = A;(p), the existence of global minimizers is a
more subtle issue which depends on the settings of the problem. We provide a corresponding
result in Section 1.2.

In order to find a possibly larger spectral interval of the existence of solutions to (P ), it is
natural to investigate minimizers of I over a subset of VVO1 P described by the Nehari manifold

Ny = {u e WP\ {0} : (I}(u),u) = O} = {u e WP\ {0} : Ex(u) = / a\u|qu}. (1.3)
Q
Consider the corresponding minimal level of Iy:
M(\) == inf{I (u): ue N,}. (1.4)

The following result asserts that ground states of (Py) can be characterized as minimizers of
M(X) whenever M () is attained, cf. [32, Theorem 1.4 (1)].



Proposition 1.3. Let A € R be such that M () is attained. Then any corresponding mini-
mizer u is a ground state of (Py), In(u) < 0, u is a local minimum point of I, and either

u>0 oru <0 in every connected component of Q. Moreover, u is a global minimum point
of I provided A < \i(p).

Remark 1.4. Evidently, if u is a minimizer of M ()), then so is |u|. That is, the attainability
of M()) implies the existence of a nonnegative minimizer which is positive in Q7. On the
other hand, M () might possess sign-changing minimizers, as we indicated above.

Proposition 1.3 motivates the investigation of assumptions under which M () is attained.
For this purpose, we introduce the following critical value of the parameter A which plays a
significant role throughout the work:

* . - HVUH% . 1,p q
A* = inf s uwe WP\ {0}, [ alu|fdx >0 ;. (1.5)
Q

ull

We readily have A\j(p) < A\*, and the simplicity of A\i(p) yields A\i(p) < A* if and only if
fQ app dr < 0, see Proposition 2.1 below for details. The critical value A* has the property that
the set Ay is a C'-manifold of codimension 1 for any A < \*, see, e.g., [13, 41]. In particular,
the following information can be obtained (see, e.g., [32, Lemma 2.3 (1) and Remark 2.4],
whose arguments remain valid under our assumptions on a.)

Theorem 1.5. The following assertions hold:
(1) If X < X*, then M(X) € (—00,0) and it is attained.
(ii) If A > X*, then M(\) = —oc.
Notice that M (M) can be also characterized as
M) = MY\ :=inf{I\(u) : ue€NyNAT},
where

AT = {u € Wol’p : / alu|?dz > 0 }, (1.6)
Q

see Remark 2.5 below. In the following proposition, we collect a few qualitative results on the
behavior of M (\). We refer the reader to Section 4 for additional information on the behavior
of M()\) and the corresponding minimizers.

Proposition 1.6. The extended function M : R — R U {—o00} has the following properties:

(i) M is nonincreasing on R and decreasing on (—oo, A*].
(ii) M s continuous on (—oo, \*).

(iil) M(\) — M(X*) as A — \* — 0.

In view of the discussion on the global minimizers above, Theorem 1.5 (i) provides non-
trivial information if Ay(p) < A*, i.e., when [, appdx < 0. Moreover, if [, appds < 0, then
for any A € (A1(p), A\*) there exists another nonnegative solution of (Py) which is positive



in QF. This solution has the least energy among all positive energy solutions and can be
characterized as a minimizer of

M=) :=inf{I\(u) : ve NyN A"}, (1.7)
where
A = {u € Wol’p : / alu|?dx <0 } (1.8)
Q

More precisely, the following result is given by [32, Theorem 1.4 (2)], whose proof remains
valid under our assumptions on a.

Theorem 1.7. Let [, appdr <0 and X € (\1(p),\*). Then M~(X) > 0, it is attained, and
there exists a nonnegative minimizer of M~ (\) which is positive in QF . Moreover, M~ ()
coincides with a mountain pass value of I such that

M~(A\) = inf  sup I\(tu).
ueWy P\ {0} t>0

Remark 1.8. Under the assumptions of Theorem 1.7, any minimizer of M ~()\) is a saddle
point of Iy (i.e., neither a local minimum nor local maximum). The proof of this fact can be
obtained along the same lines as the proof of [8, Proposition 2.9 (ii)].

Let us collect a few qualitative results on the behavior of M~ (\), see also Section 4 for
further properties of M~ (\).

Proposition 1.9. Let fQ appdr < 0. Then the following assertions hold:
(i ~ is nonincreasing on (A1(p), +00) and decreasing on (A (p), A*].

= is continuous on (A1(p), \¥).

) M
i) M
(ii)
)
)

M~(X\) = +00 as A = Ai(p) + 0.
(iv) M=(A\) = M~ (X*) as A = A\* — 0.
(v) M—(X) =0 for any A > \*.
Remark 1.10. In the case fQ appdr > 0, it can be shown that for any A\ € R one has either
MNA= =10 (and hence M~ (\) is undefined) or M~ () = 0, see Lemma 2.4 and Remark 4.2.

Propositions 1.6 and 1.9, together with other results from Section 4, supplement the in-
formation on M* from [13, Section 4] and [32, Section 4], and we refer the reader to these
works for additional results on the attainability and qualitative properties of M* and their
minimizers. Let us mention that there are several other definitions of the minimization prob-
lems M* equivalent to (1.4) and (1.7). For instance, the authors of [32] use the minimization
over AT (without explicit reference to Ny ), while the authors of [41] deal with definitions like
(1.4) and (1.7), but containing the truncated integrals [, uf, da and [, auf dx instead of their
untruncated versions [, [u|P dz and [, au|? dz. Here, uy := max{u,0}. It is not hard to show
that all such definitions coincide in the sense that they describe the same critical levels. We
give a few rigorous results in this direction in Section 2.4.



It is important to remark that Theorem 1.5 does not provide an answer to the attainability
of M(A\*). In general, information about the existence of nonnegative solutions to (Py) in the
supercritical spectral interval [A*,+00) is very limited. We refer the reader to |28, 36| for
the existence of abstract solutions to (Py) (without information on the sign) for all A, and
to [18] for the existence of nonnegative solutions with compact support in €2 for sufficiently
large A (see Proposition 2.19 below). Several nontrivial results on the existence of nonnegative
solutions in a right neighborhood of A* have been obtained recently in [41]. The authors of [41]
develop a theory applicable to general variational functionals consisting of two homogeneous
parts obeying certain assumptions. In the case of the problem (P)), these assumptions are
satisfied only when fQ appdr < 0. The main aim of the present work is to contribute to
the available theory of the existence and multiplicity of nonnegative solutions to (Py) by
studying in more details the supercritical spectral interval [\*, 4+00) for all signs of fQ apy d.
In particular, we show that if p > 2¢ and either [, apjdz = 0 or [, appdz > 0 is “sufficiently
small”, then the problem (P)) exhibits nontrivial existence and multiplicity phenomena which
are impossible in the cases ¢ > p and ¢ < p = 2.

Precise statements of our main results are given in the following subsection.

1.2. Behavior in the supercritical spectral interval. Statements of the main
results

Let us recall that the critical value \* defined by (1.5) is the threshold dividing the existence
and nonexistence of minimizers of M (A), see Theorem 1.5. Our first main result describes
the attainability of M (A*) with respect to the sign of fQ apy dz. The second assertion of this
theorem gives the most essential contribution.

Theorem 1.11. The following assertions hold:
(i) Let [oappdr < 0. Then M(X*) € (—00,0) and it is attained.

(i) Let fQ appdr = 0. Assume that ) is C%-smooth and connected provided p > 2q and
N > 2. Then M(\*) € (—00,0) if and only if p > 2q. Furthermore, if p > 2q, then
M(X*) is attained.

(iii) Let [ appdx > 0. Then M(\*) = —oo.

Remark 1.12. The assertion (i) of Theorem 1.11 can be found in [41, Corollary 3.5] under
slightly different, but same in essence, assumptions on (Py). The assertion (iii) of Theorem 1.11
is in agreement with |13, Theorem 4].

Remark 1.13. The assumptions on 0f) required in Theorem 1.11 (ii) are only needed to
use the improved Poincaré inequality from [23] in the proof. As a consequence, if the result
of [23, Theorem 1.1| holds under weaker assumptions on 0f2, then the requirements of the
assertion (ii) can be generalized accordingly.

Remark 1.14. Recall that \* = \{(p) whenever fQ appdr > 0, see Proposition 2.1. Thus,
a ground state at A = A\;(p) provided by Theorem 1.11 (ii) for p > 2q is the global minimum
point of Iy, see Proposition 1.3. The attainability of M(A*) in the case [, ap}dr = 0 and
p = 2q remains unknown to us.



The main question arising from Theorems 1.5 and 1.11 is whether \* is a terminal point
for the existence of nonnegative ground states and nonnegative solutions which are positive
in QF, or these solutions can be obtained in a right neighborhood of A\*. Let us mention, for
comparison, that in the superhomogeneous regime ¢ > p the answer depends solely on the
sign of fQ app dx. Namely, \* is the terminal point if and only if fQ appdr > 0, see, e.g., [25].
The situation in the subhomogeneous regime ¢ < p appears to be more delicate since not only
the sign of [, app dz matters, but also a nontrivial relation between the exponents p and ¢
starts to play a significant role. In Theorems 1.16, 1.19, and Theorem 1.23 below, we provide
two groups of opposite results in this direction, for different relations between p and ¢. These
theorems are among our main results.

Since our primary interest concerns nonnegative solutions of (Py), it will be convenient to
work with the following truncated energy functional:

Iy(u) := — E\(u) — /Qaui dz, where Ej(u):= V|l — Allug]D. (1.9)

Here, we denote uy = max{du,0}, i.e., u = uy —u_. Notice that I, € C’l(WOl’p,R) and I,
is weakly lower semicontinuous. Any critical point u € WO1 P of I, A is a nonnegative solution
to (Py), i.e,, u— = 0 in Q, which follows from the fact that 0 = <:f$\(u),u_> = —||Vu_||p. We
consider the corresponding truncated Nehari manifold:

Ny = {u € WEP\ {0} : By(u) = /Qaui dx},

and denote by M()\) the minimal level of I, over /\7)\7 ie.3
M) == inf{I(u) : u€ Ny}
Hereinafter, we will use the following notion, cf. Definition 1.2.

Definition 1.15. We say that a nonzero critical point u of TA is a least TA—energy solution of
(Py) if In(u) < Ix(v) for any nonzero critical point v of Iy.

In other words, a least TA—energy solution is a nonnegative solution with the least energy among
all nonnegative solutions, since any nonnegative solution is a critical point of I}.

The difference between this notion and the notion of ground state of (Py) (given by Defini-
tion 1.2 via the untruncated functional Ty ) is subtle. Evidently, Iy has more critical points than
I, since it also includes sign-changing solutions to (P)). In particular, while least I A-ENErgy
solutions are always nonnegative, there might exist sign-changing ground states of (P)), see
the discussion at the beginning of the paper. Nevertheless, we show in Proposition 2.8 below
that these two notions correspond to the same critical level at least when either M () or M ()
is attained. We provide several other results on the relation between I, and TA in Section 2.4.

The attainability of M (A*) described in Theorem 1.11 (i), (ii) is a cornerstone for the
following two main theorems which contain nontrivial multiplicity information.

Theorem 1.16. Let one of the following assumptions be satisfied:

3Throughout this work, the diacritic “tilde” over a capital letter always corresponds to the presence of the
truncated integrals [, u”, dz and [, auf dz instead of their untruncated counterparts [, |u? dz and [, a|u|? dx.



) [, appdr <O0.
(IT) fQ appdr =0, p > 2q, and O is C%-smooth and connected provided N > 2.

Then there exist A and A* such that \* < A* < A < 400 and the following assertions hold:

(i) Let A € (\",A). Then (Py) possesses a nonnegative solution uy such that uy > 0 in
QF and In(uy) < 0. Moreover, (Py) possesses a least I-energy solution wy such that
wy > 0 in some connected component of QF, and Iy(wy) < I\(uy) < 0.

(ii) Let A € (\*,A*). Then uy is a local minimum point of I, and (Py) possesses another
nonnegative solution vy (vy # ux,wy) such that vy > 0 in some connected component of
QF, vy is @ mountain pass critical point of IA, and IA(wA) < I)\(U)\) < I)\(U)\) < 0.

a ’

(iii) Let A > A. Then (P)) possesses no nonnegative solution which is positive in Q.

Remark 1.17. We conjecture that the solutions uy and w) obtained in Theorem 1.16 (i)
actually satisfy uy = w) in €, at least for A close to A*. Moreover, we expect that wy and
vy, are positive in the whole QF. See Figure 1 for a schematic graphical representation of the
results of Theorem 1.16.

slobal minimizers . the least Iz
gl

round states
grour

A1(p) A* A* A A

Figure 1: A schematic L*°(Q2)-bifurcation diagram provided by Theorems 1.5 and 1.16 under
the assumption [, ap} dz < 0.

Remark 1.18. We do not know whether the equality A* = A always takes place, or the
inequality A* < A can happen in some regimes. In [1], in the linear case p = 2 and under
the Neumann boundary conditions, the author obtains the equality under several specific
assumptions on the Holder weight a, namely, that the set Int({x €  : a(x) > 0}) has a finite
number of connected components, each of which is C?-smooth and intersects with the set
{z € Q:a(z) > 0}, see |1, (1.6)-(1.7)]. The proofs of [1] rely in a principal way on the strong
comparison principle which is known to be a difficult (and, in many essential cases, open) issue
in the general nonlinear case p > 1, see, e.g., [15]. The problem is compounded by the fact
that nonnegative solutions of (Py) do not necessarily obey the Hopf maximum principle, which
makes it hard to apply approaches known for “good” nonlinear cases. Thus, the establishment



of the equality A* = A under some assumptions for p > 1 or under significantly weaker
assumptions than [1, (1.5)-(1.7)] for p = 2, or the construction of examples when A* < A, are
interesting open problems.

Take now any nonzero nonnegative b € L>(Q2) and define the weight a, := a + ub for
i > 0. Consider the boundary value problem analogous to (Py):
—Apu = AMulP2u + a,(z)|ul??u in Q, i
_ (7))
u =0 on 0,

and denote by I! {' the corresponding truncated energy functional, i.e., (1.9) with a, instead of
a. Clearly, if [, apfdx =0, then [ a,pfde > 0. Moreover, we have Qf C Qf

[T

Theorem 1.19. Let p > 2q, 9 be C?-smooth and connected provided N > 2, the weight a
be such that [ apjdr =0, and b € L>(Q)\ {0} be nonnegative a.e. in Q. Then there exists
i > 0 such that for any p € [0,[0) there exist A* = A*(u) and A = A(p) satisfying A1(p) <
A* < A < 400 such that the assertions (i)-(iil) of Theorem 1.16 hold for the problem (PY)
and the corresponding functional Tf Moreover, for any p € (0,1) there exists € = e(u) > 0
such that for any A € (Ai(p) — €, Ai(p)) the problem (PY') possesses at least three distinct
nonnegative solutions with negative energy - global minimum, local minimum, and mountain
pass critical point of TA“ The first two critical points are positive in Qjﬂ, while the third one
18 positive at least in one connected component of Qj{u.

Remark 1.20. Let us notice that inf{A*(u) : © € [0,2)} > Ai(p), which follows from the
proof of Theorem 1.19. We refer to Figures 2, 3 for a schematic graphical representation of
the results of Theorems 1.16 and 1.19.

Remark 1.21. It is interesting to observe that the result of Theorem 1.19 on the existence
of two nonnegative solutions which are positive in QF in a left neighborhood of \i(p) is
no longer valid if one replaces the zero Dirichlet boundary conditions in (P)) with their
Neumann counterpart. Indeed, under the zero Neumann boundary conditions, the uniqueness
of nonnegative solutions which are positive in QF holds for any A < 0, where 0 is the first
eigenvalue of the Neumann p-Laplacian, see, e.g., [1, Theorem 1.1] and [32, Theorem 1.1].
On the other hand, there are many results on indefinite subhomogeneous equations as in
(Py) which are valid for both types of boundary conditions and even for the Robin ones, see
[30, 31, 32] for an overview.

Remark 1.22. In essence, the proofs of Theorems 1.16 and 1.19 are based on the observation
that the set of nonnegative minimizers of M (A\*) (which is nonempty by Theorem 1.11 (i), (ii))
has a strict local minimum type geometry which is stable under continuous perturbations of
I, A~ In particular, our arguments on the existence of a local minimum point are not restricted
solely to I , but applicable to any continuous perturbation of the functional I, IR

Recently, the literature has been enriched with a few results on the local continuation of
the branch of nonnegative solutions to various problems with respect to the parameter beyond
a critical value of the type A\* characterizing the limit of applicability of the Nehari manifold
method, see, e.g., [10, 27, 41, 42]. To the best of our knowledge, the first contribution in this
direction was made in [27] for the problem (P)) in the superhomogeneous regime ¢ > p. A
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Figure 2: A schematic picture of the regions in the (A, u)-plane provided by Theorem 1.16
(for p < 0) and Theorem 1.19 (for o € (0, 2)). Light gray - at least one solution. Gray - at
least two solutions. Dark gray - at least three solutions.

A(p) —€ Ai(p) A () Ap) A

Figure 3: A schematic L*°(2)-bifurcation diagram provided by Theorem 1.19 for a fixed
p € (0, ).

similar approach was suggested in [41] with application to (Py) in the subhomogeneous case
g < p. Unlike [27, 41], our arguments do not depend on a particular structure of the Nehari
manifold of the perturbed problem, which makes them more universal.

Our last main result provides information on the nonexistence, in contrast to Theorem 1.16.

Theorem 1.23. Let 9Q be C?-smooth provided N > 2. Assume, in addition to 1 < q < p,
that

(q—1)s"+qsP ' —(p—q)s+(q—p+1)>0 forall s>0. (1.10)
Let, moreover, one of the following assumptions be satisfied:

(i) [qappdr =0 and X > Ai(p) (= \).
(i) [qappde >0 and X > Ai(p) (= A*).

11



Then there exists no nonnegalive solution of (Py) which is positive in Q.

The proof of Theorem 1.23 is based on the application of a generalized Picone inequality
established by the present authors in [9, Theorem 1.8]. A description and some properties
of the set of exponents p and ¢ for which (1.10) holds are discussed in [9, Lemma 1.6 and
Remark 1.7], and several sufficient assumptions can be also found therein. Let us explicitly
emphasize two properties. First, if p > 2¢ (> 2), then (1.10) is not satisfied, and hence there
is no contradiction with the existence results provided by Theorem 1.16 (II), see Figure 4.
Second, if p = 2, then (1.10) holds for all ¢ € (1,2), and hence Theorem 1.16 (II) cannot be
extended to the case ¢ < p = 2. Finally, we recall that if [, apjdz > 0 and ¢ > p, then (P))
has no positive solution for A > \*, see [25]. That is, the results of Theorem 1.16 in the case
fQ appdr = 0 are of a purely nonlinear and subhomogeneous nature.

Remark 1.24. Theorem 1.23 implies that if, under the imposed assumptions, there exists a
nonzero nonnegative solution u of (Py), then it must exhibit a dead core in ', that is, u = 0
in a connected component of Q.

Remark 1.25. We notice that the assumption (1.10) can be relaxed to p < ¢ + 1 provided
any nonzero nonnegative solution u of (Py) with v > 0 in Q satisfies VuVy, > 0 in Q. The
proof of Theorem 1.23 under these assumptions follows along the same lines, by applying [9,
Theorem 1.8 (ii)].

q
'\o‘/\\zﬁL
N ?
o
1.0516 existence
By f?
1
1 2 P

Figure 4: A schematic picture of regions in the (p, ¢)-plane for the validity of Theorem 1.16 (IT)
(gray set) and Theorem 1.23 (i) (light gray set) in the case [, appde =0 and X > \i(p).

The rest of the work is organized as follows. In Section 2, we provide various auxiliary
results on the properties of the energy functionals I, and I,. Section 3 is devoted to the proof
of Theorem 1.11 and to the properties of the set of nonnegative minimizers of M (A*). In
Section 4, we prove Propositions 1.6, 1.9, as well as several other properties of M and M~
and their minimizers. In Sections 5 and 6, we present the proofs of Theorems 1.16 and 1.19,
respectively. Finally, in Section 7, we prove Theorem 1.23.
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2. Auxiliary results

In this section, we collect several auxiliary results, especially on properties of the energy
functionals I and I, defined by (1.2) and (1.9), respectively, and on their critical points.
Most of the results will be used in the proofs of our main theorems, while several facts also
have an independent interest.

2.1. Special values of parameter

In order to provide finer analysis, we introduce the following critical values of A in addition
to A*, and study their relations in brief:

p
N o= inf{”vuup : uGWOLp7 :I:/a]u|qda:>0}, (2.1)
[[ullp Q

p
Ay = inf{Hqup: ueWOI’p\{O}, /Qa]uqu—O}.

lullp

Proposition 2.1. The following assertions hold:

(i) Let [, appdx > 0. Then
(D) = A* = A% < Ap = A" (2.2)

Moreover, X* and X are attained only by to, (t # 0), Aj is attained, and X* is not
attained.

(i) Let [qappdr =0. Then
A(p) =X =); = AL,

Moreover, X* and \| are attained only by typ, (t # 0), while X is not attained.

(iii) Let [, appdx < 0. Then
(D) = AT < A= A% = A",

Moreover, \* is attained only by te, (t # 0), A\j and X* are attained, and N’ is not
attained.

Proof. We will prove only the assertion (i). The assertions (ii) and (iii) can be proved in
much the same way. Clearly, the first two equalities in (2.2) and the attainability of A\*, A}
follow directly from the simplicity of A;(p). The simplicity also yields A\1(p) < A, A*. The
attainability of Aj is evident.

Let us show that A is not attained and Aj = A*.. If we suppose that A\* is attained by some
v, then it is attained also by [v]. Since [,alv|?dz < 0, we see that [v| is a local minimum
point of the Rayleigh quotient, which means that |v| is a nonnegative (consequently, posi-
tive) eigenfunction of the p-Laplacian corresponding to A\* . However, the only sign-constant
eigenfunction is the first one modulo scaling, see, e.g., [4, Theorem 2.1]. Hence, A* is not
attained, and the corresponding minimization sequence converges to a function v satisfying
Joalv|?dz = 0. In particular, we deduce that A\j < A*.

To complete the proof, let us obtain the converse inequality A* < Aj. Let ug be a minimizer
of A}, and hence we have ug # 0 a.e. in Q and [, alug|?dz = 0. Suppose first that ug is not
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a critical point of the functional u — [, alu|?dz. That is, we can find v € Wol’p such that
Jo aluo|?ugv dz < 0. So, for sufficiently small £ > 0 we get

19
/ alug + ev|?dz = q/ / alug + tv]72 (ug + tv)v dtdr < 0,
Q aJo

whence up + €v is an admissible function for A\* . Letting ¢ — 0, we obtain A\* < A§.

Suppose now that [, alug|? >ugv dz = 0 for any v € W,,"*. The fundamental lemma of the
calculus of variations yields alug|? 2up = 0 a.e. in €2, which implies, in its turn, that ug = 0
a.e. in QF. Recall that Q; # () and take any v € C5°(Q)\ {0} with the support in Q. Thanks
to the equality [, alug|? dz = 0, we obtain

/a]u0+£qux:/a\uolqu—i-eq/a\v]qu:zsq/ alv[dx < 0
Q Q Q Qo

for any € > 0. Consequently, ug + €v is admissible for A* ;| and letting ¢ — 0 as above, we
obtain the desired inequality A* < Af. O]

Remark 2.2. In view of the even nature of the Rayleigh quotient, the critical values \*, A,

A§ can be equivalently characterized via the truncated integrals [, v dz and [, aul dx.

Remark 2.3. Several sufficient assumptions guaranteeing that the minimizer of \j generates
a critical point of I are presented in [41, Section 3.1].

2.2. Fibered functionals

The following results on the fibered functionals associated with I and I, \ are standard and
can be found, e.g., in [13] in the linear case p = 2, or in [22, 27] in the superhomogeneous case
q>Dp.

Take any u € Wol’p such that E)(u) - [, alu|?dz > 0. Then there exists a unique critical
point ¢y (u) > 0 of the function t — I)(tu) for ¢t > 0. We easily see that

0 = an|U’qd$ a _ UQG\UWCZ:C‘T;
M )_< Ex(u) > Ex(u)|7 23
and

Dtatuyn) = =22 By(tatuy) = ~t4) 2t [ alultda, (2.4)

Consequently, if Ex(u) > 0 and [, alu|/?dx > 0, then ¢)(u) is the global minimum point
of the function ¢ +— Iy(tu) for t > 0, and I)(tx(u)u) < 0. Analogously, if E)(u) < 0 and
Joalu|?dz <0, then ty(u) is the global maximum point of the function ¢ + I (tu) for t > 0,
and Iy (tx(u)u) > 0.

Noting that Ey(u) and fQ alu|? dzx are p- and g-homogeneous, respectively, we deduce that
_p
p—q }fﬂ alul? dx’f’—q
N NOI

The functional Jy is 0-homogeneous and it is called fibered functional. This functional will
serve as a convenient tool in the study of attainability of M (A).

Ia(u) := Iy(tr(w)u) = —sign(Ey(u))

(2.5)

Expressions analogous to (2.3) and (2.5) hold true for the truncated functional I, defined
by (1.9). In particular, we denote by Jy the truncated fibered functional.
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2.3. Nehari manifold

Let us provide additional information on the Nehari manifold N defined by (1.3). If Ey(u) -
[ alul?dz > 0 for some u € WP, then ty(u)u € Ny, where t)(u) > 0 is given by (2.3). We
have
I(u) = . Ey\(u) = . alu|?dz  for any u € Ny, (2.6)
pq bg Jo

cf. (2.4). Recall the definitions (1.6) and (1.8) of the sets AT and A, respectively:
At = {ue Wol’p : :l:/ alu|?dz > 0}.
Q

Lemma 2.4. The following assertions hold:

(i) NanA*T #0 for any X € R.
(i) ManA~ # 0 if and only if X > \*.

Proof. (i) Since QF # 0, for any zo € QF there exists a ball B(zo) centered at xy such
that a > 0 a.e. in B(zg). Choose any nonnegative v € C§°(2) \ {0} with the support in
B(xo) and set v, (-) = n™/P~lu(n(- — 20)). Then E\(v,) > 0 for any sufficiently large n, and
Joavi dz > 0. As a result, ty(vn)v, € Ny NAT.

(ii) It follows from the definition of \* that if A < A\*, then E)(u) > 0 for any u satisfying
Joalu|?dz < 0, and hence Ny NA~ = (. On the other hand, if A > \*, then there exists
u such that [, alu|?dz < 0 and X > ||[Vulp/|lulp > A*. Consequently, we have Ej(u) < 0,
which yields ty(u)u € NyNA~. O

Remark 2.5. In view of (2.5), (2.6), and the fact that Ay N AT # () for any \, we see that

M(N) = inf I = inf [ = inf J < 0.
( ) uler}\& )\(U) uE/\l/{\lﬁ./élJr )\(U) uEJ\lfrAlﬁA* )\(U)

The following result can be proved by standard arguments based on the Lagrange multi-
pliers rule (see, e.g. [45, Theorem 48.B and Corollary 48.10]).

Lemma 2.6. Let u € Ny be a critical point of Iy over Nyx. Assume that Ex(u) # 0 (or,
equivalently, [ alu|9dxz #0). Then u is a critical point of Iy (over Wol’p).

Remark 2.7. Analogs of Lemmas 2.4 and 2.6 are also valid in the truncated case.

2.4. Properties of I, and TA

In this subsection, we provide several results on the relation between the functionals I and
I » and on properties of their critical points.

The following result, in combination with Proposition 1.3, asserts that ground states and
least I-energy solutions of (Py) correspond to the same critical level whenever either M())
or M()\) is attained.

Proposition 2.8. Let A € R. Then M()) is attained if and only if M()\) is attained. More-

over, M(\) = M(\) <0 for any X € R.
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Proof. Observe that M(A) < M(X) for any A € R. Indeed, if u € Ny, then |u| € Ny and
hence |u| € Ny. Since Iy(|u|) = Ix(|u]) = Ix(u), the inequality M(X) < M()) follows. As a
consequence, we have M()\) = M(X\) = —oco for any A > \*, see Theorem 1.5 (ii). Moreover,
]\7(/\), M(X) < 0 for any A € R, see Remark 2.5.

Suppose, by contradiction, that ]T/f()\) < M(X) for some A < A\*. That is, there exists
u € Ny such that I)(u) < M(\) < 0. Clearly, we have uy # 0 a.e. in Q. We also conclude
that u_ # 0 a.e. in ©, since in the case u > 0 a.e. in Q we would get u € Ny and Iy(u) =
Iy(u) > M(X). The assumptions on u yield

Ex(u) = /Q |Vu_|P dx + E\(us) = /Qau‘i dx > 0. (2.7)

If Ex(uy) > 0, then ty(uy)uy € Ny and

Iy(u) 2 min Dy(tu) = Iyt (s Jus) > M(Y),
which is impossible since

~ 1
M) > D) = 5 [ VP ot D) > Ius).
Q

Therefore, we have E)(uy) < 0 and hence, recalling that uy #Z 0 a.e. in €, we obtain

Jo IVuy [P dx Jo IVuy P de

Joul do Joubdz

Here, the equality is given by Proposition 2.1, and the last inequality follows from the definition
(2.1) of X% and the fact that [, aul dz > 0, see (2.7). We conclude from (2.8) that uy is a
minimizer of A} . However, according to Proposition 2.1, A is either not attained, or attained
by ty, with some ¢ # 0, which contradicts the fact that u_ # 0 a.e. in Q. 0

AN =A< (2.8)

Remark 2.9. In general, M(A) might possess sign-changing minimizers (since the strong
maximum principle is not applicable to nonnegative solutions of (Py)), while the set of min-
imizers of M (M) consists solely of nonnegative functions. That is, the set of minimizers of
M()\) is contained in that of M ().

Remark 2.10. Let u be a nonnegative solution of (Py). If u has a zero point zg in QF, then,
according to the strong maximum principle (see, e.g., [40, Theorem 1.1]), v = 0 in a connected
component of ] which contains zg. In other words, if « # 0 in some connected component
of QF, then u > 0 in that connected component. An additional assumption on u guaranteeing
that u > 0 in the whole open set 0 is presented in Lemma 2.11.

The proofs of all remaining results of this subsection will be given only for the untruncated
functional Iy. The case of I can be treated analogously.

Lemma 2.11. Let u be a local minimum point of Iy or of TA which is nonnegative in Q.
Then u > 0 in QF.
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Proof. Suppose, contrary to our claim, that u(xg) = 0 for some zg € Q. By the strong
maximum principle, we have u = 0 in a connected component A of QF containing zo. Consider
any nonnegative ¢ € C3°(Q) \ {0} with the support in A. Since ¢ < p and [, ap?dz > 0, we
have I\(tp) < 0 for any sufficiently small ¢ > 0. This yields

In(u) < I(u+ 1) = Iy(u) + I(tg) < I(u),
which contradicts our assumption that « is a local minimum point of Ij. O

Remark 2.12. One could wonder whether it is possible to rid of the nonnegativity assumption
in Lemma 2.11. In general, this assumption is vital. In [11, Section 5], it is shown that there
are domains for which a least energy nodal solution to the zero Dirichlet problem for the
equation —Au = |u|97%u, i.e., (Py) with a = 1 and A\ = 0, is a point of local minimum.

Remark 2.13. It would be interesting to know whether the result of Lemma 2.11 remains
valid for ground states or least Iy-energy solutions of (P)), cf. Lemma 2.16 below.

Another general results are given in the following two lemmas.

Lemma 2.14. Let u be a local minimum point of I (resp. I). Then Ix(u) < 0 (resp. Ix(u) <

0).

Proof. Observe that u is a solution of (P)), and hence u € Ny and t)(u) = 1. Suppose first
that Iy(u) > 0. By (2.4), tx(u) is the global maximum point of the function t — I\ (tu), t > 0,
and it is clear that Iy(u) > I\(tu) for any ¢ # 1. This contradicts our assumption that v is a
local minimizer of 1.

Suppose now that Iy(u) = 0. We get from (2.6) that E\(u) = 0 = [, alu|?dz. Clearly,
u Z 0 in  since 0 is not a local minimum point of Iy in view of the assumption ¢ < p
and the fact that AT # () (see also Lemma 2.11). Moreover, u is not a critical point of the
functional w — [, a|lw|?dz. Indeed, if u is such a critical point, then [, alu|?"?uv dz = 0 for
all v € Wy . This yields au|?"2u = 0 a.e. in Q and hence u = 0 in Q. However, Lemma 2.11
implies that u > 0 in ©F, which is a contradiction. Thus, we can find v € I/VO1 P such that
Jq alul??uv dx < 0. Since u is a solution of (Py), we have %(Eg\(u), v) = [ alulT*uwvdz < 0.
Therefore, we see that tu with £ > 1 is not a critical point of Iy:

p—a
g0 =t (2 )~ [ a2
P 0
=L (70 =1) [ afultuvde <0,
Q

At the same time, we have I)(tu) = 0 for any t > 0 since E)(u) = 0 = [, alu|?dz. Thus,
by the mean value theorem, for any ¢ > 1 and for any sufficiently small s > 0 there exists
sp € (0,s) such that

In(tu + sv) = I\(tu) + s(I5(tu + sov),v) = s(I}(tu + sov),v) < 0.

Consequently, taking (t — 1) and s small enough, we conclude that tu + sv belongs to a small
neighborhood of the local minimum point u, but I (tu+sv) < 0 = Iy(u). A contradiction. [
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Remark 2.15. Notice that in Lemmas 2.11 and 2.14 the local minimum point u of Iy is not
required to be of constant sign in (2.

Lemma 2.16. Let u be a nonzero critical point of I\ (resp. of f)\) such that u = 0 in QF.
Then Iy(u) > 0 (resp. In(u) > 0). Let, in addition, at least one of the following assumptions
be satisfied:

(i) Q\ (QFUQ,) has empty interior.

)
(ii) w has a constant sign in Q.
(iii) p
) N

(iv
Then Iy(u) > 0 (resp. In(u) > 0).

Proof. Since u = 0 in QF, we have [ alu|?dz < 0 in view of the third assumptions in (1.1).
Thus, In(u) > 0 by (2.6). In order to prove the second part of the lemma, let us exclude
the case Iy(u) = 0. Suppose that Iy(u) = 0, and hence [,alu|?dz = 0. Recalling that
u € C&’ﬁ(Q) by Remark 1.1, we see that for any xg € 2 satisfying u(zg) # 0 there exists an
open ball B(zg) centered at xq such that a = 0 a.e. in B(wzg). Thus, B(xo) C Q\ (2 UQ,).
We conclude that u = 0 in Q under the assumption (i), which is impossible. In general, we
see that u weakly solves the equation —A,u = AulP~2u in €2, and w is zero in the open subset
QFuUQ, of Q. Under the assumption (ii), we have u = 0 in Q thanks to the strong maximum
principle, a contradiction. If the assumption (iii) holds, then u obeys the unique continuation
property (see, e.g., [37]) and hence w cannot vanish in an open subset of Q. Finally, under
the assumption (iv), all eigenfunctions of the p-Laplacian have explicit structure and cannot
vanish in open intervals as well, see, e.g., [21]. O

Remark 2.17. The proof of Lemma 2.16 in the case p = 2 relies of the unique continuation
property (UCP). Assuming the UCP is true for some p # 2, the statement of Lemma 2.16 can
be generalized accordingly. However, to the best of our knowledge, the validity of the UCP is
not known for sign-changing eigenfunctions of the p-Laplacian in higher dimensions N > 2.

The following result complements |32, Proposition 3.9 (1)].

Proposition 2.18. Assume that A < X*. Then, I, and f)\ have no positive critical values.

Proof. Let u be a nonzero critical point of Iy, and hence u € N,. Since Ny N A~ = () for
A < A* (see Lemma 2.4), we have [, alu[’ dz > 0, which yields Iy(u) < 0 by (2.6). If u is a
nonzero critical point of Iy, then u is a nonzero nonnegative solution of (Py) (see Section 1.2).
That is, u is a nonzero critical point of Iy, and the conclusion follows as above. O

In contrast to Proposition 2.18, the functionals I and TA might possess positive critical
values for sufficiently large A.

Proposition 2.19. Assume that a = const < 0 in some open ball B C Q. Then there exists
a sufficiently large A\ such that (P)) possesses a nonnegative solution with compact support in
B and positive energy for any A > A.
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Proof. Consider the Dirichlet problem

{—Apu = [u[P~%u — [u|" %y in Bpg, 29)

where By C RY is an open ball of some radius R > 0 centered at the origin. It is known
from, e.g., [17, Theorem 1| (for N = 1) and [24, Proposition 2| (for N > 2) that there exists
R > 0 such that (2.9) has a radially symmetric nonnegative solution v with compact support
in Br. Moreover, we have u € C}(Bg), see Remark 1.1. By considering a function v € C§(B)
defined as v(z) = Au(C(z — x¢)) with appropriate constants A, C, z¢ > 0, it can be derived in
much the same way as in [18, Proposition 5.1] that v is a compact support solution of (Py) in
the ball B (given in the statement of the proposition) for any sufficiently large A. Extending
v by zero outside of B, we obtain a nonnegative solution of (Py) in £ (or even in the whole
RM). Applying Lemma 2.16 (ii), we conclude that v has positive energy. O

Remark 2.20. The assumption of Proposition 2.19 on the weight a can be weakened to cover
some nonconstant weights, see, e.g., [18, Remark 5.2 and Theorem 5.1| for the linear case

p=2.

2.5. Palais—Smale type conditions

We provide two standard but useful compactness results. We denote by ||- ||« the usual operator
norm.

Lemma 2.21. Let {\,} C R converge to some A € R. Let {u,} be a bounded sequence in
Wol’p such that |1} (un)|l« — 0 asn — +o00. Then {u,} has a subsequence strongly convergent

in Wol’p to a solution of (Py).

Proof. Since {u,} is bounded, we may assume that it converges to some ug € VVO1 P weakly

in VVO1 P and strongly in LP(2), up to a subsequence. We obtain from the convergence
13, (un)|[« — O that

/ |Vun|p_2VunV(un — ugp) dz
Q
:)\n/ |un|p*2un(un —ug) dx +/ a\un\qﬂun(un —ug)dx +o(1) — 0
Q Q

as n — +oo. In view of the (S )-property of the p-Laplacian (see, e.g., [20, Theorem 10]),
Uy — ug strongly in VVO1 P As a consequence, we easily conclude that wug is a solution of
(Py)- O

Lemma 2.22. Let A # A\ (p). Then any sequence {u,} C Wol’p such that |]T§\(un)||* — 0 as
n — 400 has a subsequence strongly convergent in Wol’p to a nonnegative solution of (P)).
In particular, Iy satisfies the Palais—Smale condition.

Proof. Let {u,} satisfy Hfg\(un)H* — 0 as n — +o00. Due to the (S;)-property of the p-
Laplacian (see, e.g., [20, Theorem 10]), {u,} has a subsequence strongly convergent in W(} P
provided {u,} is bounded. Suppose, contrary to our claim, that ||Vu,|, — +oo, up to a
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subsequence, and consider the normalized functions vy, := u,/||Vuyl|[p. Let us show that
vp, — @p strongly in WO1 P Since {v,} is bounded, it converges to some vy € WO1 P weakly in
I/VO1 P and strongly in LP(Q), up to a subsequence. We have

LB (wn),6) - — 1

(T (wn). )] _ IVElpIT] ()
p [ Vun 15

I -1
IVunlp IVunlp

/ a(vn)flgdx' = (2.10)

Q

for any £ € Wol’p. This yields (Ef\(vo),f) =0 for any £ € Wol’p. Moreover, taking £ = v, in

(2.10), we get lirf (E’\(vn),vn) = 0 and hence vg # 0 a.e. in . That is, vg is an eigenfunction
n—-+0oo

of the p-Laplacian corresponding to A. Noting that

1V ()~ 15 = {3 (), () )] < (15 () |V (o),

we conclude that vy > 0 in . Therefore, A = Ai(p) and vg = ¢, since ¢, is the only
eigenfunction of the p-Laplacian with constant sign in Q (see, e.g., [4]). This contradicts our
assumption A # A (p). O

Finally, we show that Lemma 2.22 leads to the following existence result.

Proposition 2.23. Let A # A\1(p). Assume that I, has a critical point u satisfying I\(u) < 0.
Then there exists a least Ix-energy solution w of (Py) and w > 0 in some connected component

of QF.

Proof. Denote by . the set of all critical points of I, and define d := inf{fA(v) tv €AY}
Let {wp} C %) be a minimizing sequence for d. Since fﬁ\(wn) = 0 for all n, {w,} has a
subsequence strongly convergent in VVO1 P to some nonnegative solution w of (Py), thanks to
Lemma 2.22. Clearly, we have I)(w) = d, whence w is a least Iy-energy solution of (Py).
Thanks to the assumption Iy(u) < 0, we have I)(w) < 0, and hence w is nonzero. Applying
Lemma 2.16 and noting Remark 2.10, we deduce that w > 0 at least in some connected
component of Q. 0

2.6. Behavior of sequences

In this subsection, we collect several results on the behavior of functional sequences, which
will be used in the proofs of our main theorems.

Lemma 2.24. Let {\,} C R and {u,} C Wol’p be sequences such that u, > 0 a.e. in Q for
all n € N and

A= AER,  |[Vuglly = +oo, |1}, (un)]l+ = 0 asn — +oo.

Then X = M\ (p) and the sequence {v,}, where vy == uy/||Vuy|p, has a subsequence strongly
convergent in Wol’p to vp.

Proof. Since {v,} is bounded in VVO1 P we may suppose that {v, } converges to some vy € W(} P
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weakly in I/VO1 P and strongly in LP(Q) and L%(€2), up to a subsequence. Consequently, we get
Un — Vo
o(1) = (B ) )
IVunllp
:/ \an\p_QanV(vn — ) dz
Q
1

IV n [~

= / |V |P V0,V (v, — v) dz + o(1).
Q

- )\n/ |Un P20 (v, — v0) dz — / alvp |92 v, (v — vg) dz
Q Q

Hence, the (S )-property of the p-Laplacian implies that v, — vg strongly in Wol’p (see, e.g.,
[20, Theorem 10]), whence ||Vup|l, = 1 and vg # 0 a.e. in Q.

Considering now <I’M(un),§/HVunH£_l> for any &€ € Wy, we have

1

Yo, [P"2Vv, V d:v—)\n/ T L T P —
1o ‘ o

/ alvp|T 20,6 dz = o(1).

Q

Letting n — 400 and recalling that ||Vug|l, = 1 and v, > 0 a.e. in Q for all n, we deduce that
vo is a nonnegative eigenfunction of the p-Laplacian. This yields A = A1 (p), since any higher
eigenfunction must be sign-changing (see, e.g., [4, Theorem 2.1]). Finally, the simplicity of
A1(p) ensures that vy = pp. O

Lemma 2.25. Let {\,} C R be such that M(\,) is attained, and N, — X € R as n — +o0.
Let u, be a minimizer of M(\,), and let {u,} be bounded in Wol’p. If lig}rnf[,\n(un) <0,

then {u,} has a subsequence strongly convergent in Wol’p to a minimizer of M()).

Proof. Applying Lemma 2.21, we see that {u,} converges to a solution ug of (Py) strongly
in VVO1 P up to a subsequence. The assumption lim Jirnf Iy, (un) < 0 guarantees that ug # 0 in
n——+0oo

Q, and hence ug € N). Let us prove that ug is a minimizer of M(\). Fix any w € Ny N AT.
By the continuity, the strict inequality E,(w) > 0 holds for all sufficiently large n, and we
obtain

Iy, (up) = M(\,) < I, (ty, (w)w) = Itn>161 I, (tw) < I, (w).

Letting n — +o00, we arrive at I(up) < Ix(w), and therefore ug is a minimizer of M(\), see
Remark 2.5. O

The following auxiliary result will be essential to prove Theorem 1.11 (ii) and Lemma 3.1.

Lemma 2.26. Let p > 2q. Assume 0 to be C%-smooth and connected provided N > 2. Let
A= M(p) and [yaphde = 0. Let {w,} C Wy be such that Ex(w,) > 0, [;,alw,|9dz > 0
for any n € N, and w,, — ¢, strongly in Wol’p. Then the following assertions hold:

(i) If p = 2q, then

—oo < liminf I\ (t)(wy)wy) < limsup Iy (Ex(wp)wy,) < 0.
n—-+o0o

n—-+00
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(ii) If p> 2q, then lim I)(t\(wy)wy) = 0.
n—-+00

Proof. Throughout the proof, we always denote by C' a positive constant independent of n € N.
We decompose w,, as w, = Yp@p + Upn, where v, € R and v, € Wol’p are chosen in such a
way that 7, = [|¢plla? [ wnppdz and [, vnppdz = 0 for all n. Notice that v, # 0 for all n

because E)(wy) > 0= E\(pp). Since w, — ¢, strongly in W&’p, it is not hard to deduce that
m —1 and [|[Vo,l[, =0 as n— +oo. (2.11)

Recalling now that 0 is C2-smooth and connected when N > 2, we can use the improved
Poincaré inequality from [23] (see [23, Corollary 1.2]) to provide the lower bound

Ey(wn) > C WH/ \vnIQdm—i—/ \un\de> > ¢ (/ \Un\2dx+/ ol dz ) >0 (2.12)
Q Q 2 \a Q

for all sufficiently large n. Let us now estimate [, alw,|?dz from above. Recalling that
fQ appdr = 0 and applying the mean value theorem, for each n we can find £, € (0,1) such
that

O</a]wn\qu: ]fyn\q/agogdx—l—q/ a\’yngop+5nvn|q*2(’yn<pp+Envn)vndaz
Q Q Q
< [ Jalugp + envalt o]
Q

Since p > 2q > 2(q— 1) by our assumption, we use the Hélder inequality and the convergences
(2.11) to obtain the following upper bound for all n:

1
2
o [ b + eotnltenlaz < C ( [ gy + o Dae) " ( [ ol
<C </ ]vn]2da:) <C’(/ ]vn|2d:c+/\vnlpdx>

(2.13)
Combining now (2.12) and (2.13), and recalling that p > 2¢, we deduce that
0 > limsup I (¢ (wy)wy,) > lminf I (¢ (wy,)wy,)
n—+00 n—+00
p—29
9 2(p—q)
= hmmf Ix(wy) > —C limsup |op|*dx + | |vp|P dx > —00.
—too n—+oo \JQ Q
Moreover, if p > 2¢, then we see that lim I (t)(wy)w,) = 0. O
n—+oo

3. The least energy at \*
In this section, we prove Theorem 1.11 and provide several auxiliary results on the properties

of the critical set of M(\*) which will be crucial for the proof of Theorem 1.16 given in
Section 5 below.
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3.1. Proof of Theorem 1.11

Proof of the assertion (i). As was mentioned in Remark 1.12, the proof can be found in
[41]. We provide alternative arguments for the sake of completeness and clarity. Let us
choose an increasing sequence {\,} C R converging to A*, and for each \,, we denote by wu,
a nonnegative ground state of (P, ), see Theorem 1.5 for the existence. Lemma 2.24 ensures
the boundedness of {uy,} in Wol’p because \* > Ai(p) by Proposition 2.1. Let us prove that
lﬁilﬂgf Iy, (un) < 0. If this claim is established, then Lemma 2.25 implies the assertion (i). Fix

any w € Ny«NAT. Since Ey, (w) > 0 for any sufficiently large n, we get ¢, (w)w € Ny, NAT,
and hence

Recalling that w € Ny N AT and passing to the limit in (3.1), we arrive at

limsup I, (up) = limsup M () < Ix(w) < 0.

n—-+o0o n—-+o0o

Applying Lemma 2.25, we finish the proof. O

Proof of the assertion (ii). Assume first that p < 2¢g. We have A* = A\{(p) by Proposi-
tion 2.1, and so Ex«(¢p) = 0 and

(Ey«(pp),0) =0 for any 6 € C§°(Q). (3.2)

Since ¢, > 0 in Q, we can find 0 € C§°(Q) satisfying [, apd "0 dx > 0. By the continuity,
there exist ¢g > 0 and C > 0 such that

q/ alep + 0|7 %(pp +0)0dr > C >0 for all € € [0, &) (3.3)
Q

Notice that § € Ry, in view of the assumption [, appdx = 0. Therefore, the simplicity of
A(p) gives Ex«(pp + €6) > 0 for any € # 0.

Fix any ¢ € (0,e0] and denote u. := ¢, + . According to the mean value theorem, there
exist e1 € (0,¢) and 5 € (0,¢) such that

0 < Ex-(u) = Ex-(¢y) + (B (0 + £10),6) = (E}e (9 + £16),0) (3.4)

and, by (3.3),
/ alug|?dr = / apl dr + eq/ alop + 20|77 2(pp + £20)0 dz > eC > 0. (3.5)
Q Q Q

Consequently, we have ty«(uc)ue € Ny« N AT, Our aim now is to study the behavior of
I+ (ta=(ue)ue) as € — 0. To this end, we estimate the right-hand side of (3.4) from above. It
is known that there exists C'y > 0 such that

Cilz — yl? it1<p<2,

P (3.6)
Cule =yl (lz] + [yhP 2 if p > 2,

0 < (2P 2z — [y[P 2y, 2 — y)r~ < {
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for all 7,y € RY, see e.g., [34, Chapter 12, Eq. (IIT)] for 1 < p < 2 and [14, Proposition 17.3
for p > 2. Recalling 0 < 1 < ¢ < gg and applying (3.2) and (3.6), we obtain

(Ex«(0p +€10),0) = (B (pp + €10),0) — (Ex- (p),0)

1
;1<E£\* (‘Pp +e10) — ES\* ((Pp)a ((Pp +e10) — @p>

Ce¥ _ )
?11 L|V|E < Caeb™! if1<p<2,

IN

2
D5 | 90RO P e < Cony ifp 22
Q

where Cy > 0 does not depend on e1. Thus, we conclude from (3.4) that

Coe? if1<p<2,

3.7
0262 ifp > 2. ( )

E)\* (us) < {

Recalling that ty«(us)us € Ny N AT and using the estimates (3.5) and (3.7), we arrive at
M(X) < Iy« (tar (ue)uc)

P rq

— Cyera v if1<p<2,

_Dp
ety = 2= Ut
) Pe (Bye(u))rs b 2

— Cser—a v=a if p > 2,
where C3 > 0 is independent of €. Since p < 2¢q, we get M (\*) = —oo by letting € — 0.
Assume now that p > 2¢q. We start by showing that M (\*) > —oo. Suppose, by contra-
diction, that there exists a sequence {u,} C Ny~ N AT satisfying Jy«(u,) — —o0 as n — +oc.
For each n, we define the normalized function wy, := u,/||Vu,||,. Since the fibered functional
Jy» is 0-homogeneous, we have Jy«(w,) — —oco. The boundedness of {w,} in Wol’p implies its
weak convergence in I/VO1 P and strong convergence in LP(Q2) to some wp, up to a subsequence.
Hence, recalling that \* = A\;(p), we get 0 < Ex«(wp) < limJirnf E)+(wy,). On the other hand,
n—-—+0oo
the convergence Jy«(wy,) — —oo and the boundedness of {w, } imply that lim+inf Ey+(wy) =0,
n—-+0oo

see (2.5). Consequently, Ey«(wp) = 0, and hence w, — wo = ¢, strongly in Wol’p. Apply-
ing Lemma 2.26, we deduce that {Jy«(w,)} has to be bounded from below, which gives a
contradiction. In conclusion, in view of Remark 2.5, we have M (\*) € (—o0,0).

Finally, we prove that M(\*) is attained provided p > 2q. Let {u,} C Ny« N A" be a
minimizing sequence for M(\*). Let us show the boundedness of {u,}. Suppose, contrary
to our claim, that ngrfoo |Vun|l, = +oo along a subsequence. Denoting, as above, w, =

Un /|| Vn||p, we see that w, — wy € Wy weakly in Wy* and strongly in LP(2), up to a
subsequence. Since {u,} C Ny N AT, each w,, satisfies

* 1
L= XNJwn|p = Ex-(wn) = VoL e /Qa|wn|q dx.
nllp

Letting n — 400 and recalling that A* = A(p), we get wo Z 0 a.e. in Q and Ey«(wp) = 0,
whence {w,} converges to ¢, strongly in WO1 P According to Lemma 2.26, we derive the
following contradiction:

0= lim Iy~ (t/\* (wn)wn) = lim Iy~ (un) = M()\*> < 0,

n—+4o0o n—+400o
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where we used the equality ¢y« (wp)wy, = uy, by u, € Ny+, n € N. That is, {u,} is bounded in
W, ”, and hence {u,} converges to some ug € W, ? weakly W, and strongly in LP(€), up to
a subsequence. Since Ey«(ug) > 0 in view of A* = A1 (p), the inequality 0 > M(N\*) > Iy« (ug)
leads to [, alug|?dz > 0, and hence ug & Ry, because of the assumption [, appder = 0.
Hence, the simplicity of \* = \1(p) guarantees Ey=(ug) > 0, and we get

M (X)) = liminf Ty« (uy) > I« (ug) > D (ta (ug)ug) > M(N),

n—-+o0o

which means that wug is a minimizer of M (\*). O

Proof of the assertion (iii). Since [, apfdzr > 0, we have \* = A\;(p) by Proposition 2.1,
and hence Ey«(¢p) = 0. Fix any 6 € Wol’p \ Ry, and consider w, := ¢, + €6 for ¢ > 0. The
simplicity of A\1(p) ensures that Ex«(w.) > 0. Thus, we have ty«(w:)w: € Ny N AT for any
sufficiently small € > 0, and

_p_
_p—q (Jo alwe|? da)r=a o

M(A*) < IA*(tA*(ws)ws) = JA*(we) = g > ( )L
e (we )P

as € — 0, since [, alwe|?dz — [, appdr >0 and Ex-(we) = Ex-(pp) = 0. O

3.2. Properties of the critical set of M(\*)

Throughout this section, we always assume that either of the following two assumptions is
satisfied:

(I) Jqappdx <O.

I fq appdr =0, p > 2q, and 9 is C*-smooth and connected provided N > 2.

These assumptions coincide with the assumptions (I) and (IT) of Theorem 1.16, respectively.
In both cases, Theorem 1.11 asserts that M()\*) is attained. Recall that M(\*) = M(\*), see
Proposition 2.8.

In order to prove Theorem 1.16 (see Section 5), we need to establish several key properties
of the set of minimizers of M (A*) (or, equivalently, the set of nonnegative minimizers of
M(N\%)): B B -

K" :={ue Ny : Lw(u) =M} (3.8)

In particular, any u € K* is a critical point of f,\*.

Lemma 3.1. K* is a compact set. Moreover, for any u € K* there holds
T _ q 77 P4
By (u) = / au? de = NI P4 > 0. (3.9)
Q p—q

Proof. Tt \* > A\i(p) (which is the case of the assumption (I)), then the compactness of K*
follows from Lemma 2.22. Suppose that A* = \;(p), that is, we are under the assumption (II).
As in Lemma 2.22) in view of the (S )-property of the p-Laplacian, it is sufficient to establish
the boundedness of an arbitrary sequence {u,} C K*. Let {u,} be such sequence. Suppose,
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by contradiction, that ||[Vu,||, — 400 as n — 400, up to a subsequence. Denoting wy, :=
Un/||Vupl|p, we deduce from Lemma 2.24 that w, — ¢, strongly in Wol’p. Moreover, we
evidently have ty«(wy)w, = u, € Ny- N AT, Applying Lemma 2.26, we get the following
contradiction:

0> M(A) = Ly (up) = Iy (tx« (wp)wy) = 0 as n — +oc.
Finally, the equality (3.9) directly follows from (2.6). O

Let us now consider the closed d-neighborhood of K* with some § > 0:
Kf = {uecWy": dist(u, K*) <6}, (3.10)

where dist(u, K*) = inf{||V(u — v)||, : v € K*}. We notice that the infimum is attained
in view of the compactness of K*. Hereinafter, by Bs(u) we denote an open ball in VVO1 P of
radius § centered at wu.

Lemma 3.2. K} is weakly sequentially compact (and bounded). Moreover, if § > 0 is small
enough, then there exists C1 > 0 such that

EA*(u) >Cy and / aui dx > Cy  for any u€ Kj. (3.11)
Q

Proof. The boundedness simply follows from the compactness of K*. Hence, any {u,} C Kj
converges weakly in VVO1 P to some ug € VVO1 P up to a subsequence. In view of the definition
of Kj, for any n € N there exists v, € K* such that ||V(u, — v,)|[, < 0. Since K* is
compact, {v,} converges to some vy € K* strongly in VVO1 P up to a subsequence. Thus, for
any € > 0 and any sufficiently large n, v, € B:(vg). Consequently, we have u, € B.is5(vo).
Since Bey5(vg) is weakly closed, we conclude that uy € Be1s(vp). Recalling that ¢ > 0 was
arbitrary, we deduce that ug € Bs(vg), and hence ug € Kj.

Let us prove the second part of the lemma. By the continuity and in view of Lemma 3.1,
for every v € K* there exists ¢(v) > 0 such that

~ M(\*) pg /
FEye(u)>-—"""""2 and aul dx > —
() 2 2 p—q o 7

M(X) pg
2 p—gq

(3.12)

for any u € Be(,)(v). Since K* is compact, there exist vi,...,v; € K* such that K* C
U?ZlBE(U‘j)/Q(Uj). Taking any 0 < 0 < min{e(vi),...,e(vg)}/2, we conclude that Kj C
U§:1Bs(vj)(vj) since €(vj)/2 + § < e(vj) for each j. That is, (3.12) remains valid for any
u € Kj. O

Finally, we consider the boundary of Kj:
OK5 :={ue Wol’p o dist(u, K*) = 6}. (3.13)

The main property of K7 is given in the following lemma which states that the elements of
OKj; have strictly higher energy than the elements of K*.

Lemma 3.3. Let 6 > 0 be small enough to satisfy (3.11). Then

M(X) < inf{Iy(u): u€ 0K} }.
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Proof. Let 6 > 0 be as required. We have
M(X\*) < Iy-(u) for any u € KJ. (3.14)

Indeed, in view of (3.11), for any u € K there exists ¢t > 0 such that tu € Now and I« (tu) <0
(cf. Section 2.2), and hence

M(XN) < L (tu) = min L (su) < Iy (u). (3.15)

Suppose now, by contradiction to our main claim, that there exists a sequence {u,} C 0K}
such that Ty«(upn) N\ M()\*) Since Kj is weakly sequentially compact by Lemma 3.2, {u,}
converges to some ug € Kj weakly in VVO1 P and strongly in LP(€), up to a subsequence. If
Vuollp, < Egirg | Vuy ||, i-e., there is no strong convergence in Wol’p, then we get

Iy« (UO) < lﬁgiglgf)\* (un) = M()\ ),

a contradiction to (3.14). Therefore, ||Vugll, = limJirnf |Vuy||p, which means that w, — ug
n—-+0o0

strongly in Wol’p, and hence ug € 0K (C K3). In view of (3.15), we obtain the chain

M) = ngrfoob\*(un) = I\« (up) > nggf,\*(suo) > M(XY),
which implies that ug € Ny and ug is a minimizer of ]\7()\*) That is, ug € K*. Thus, we
have up € K* and ug € 0K}, simultaneously. But this is impossible since K* N 0K; = 0. [

Remark 3.4. Any minimizer of M (\*) is a local minimum point of I (see Proposition 1.3),
but we do not know a priori whether these minimizers are strict local minimum points. To
put this less formally, Lemma 3.3 asserts that a neighborhood of the set of all nonnegative
minimizers of M (A*) has a strict local minimum type structure.

4. Qualitative properties of M and M~

In this section, we establish several properties of the levels M and M~ and the corresponding
minimizers. In particular, we prove Propositions 1.3, 1.6, and 1.9.

Proof of Proposition 1.3. Let u be a minimizer of M ()). Since M (\) < 0 by Remark 2.5,
we deduce from Lemma 2.6 that u is a solution of (P)). If u is not a ground state of (Py),
then there exists a solution w such that Iy(w) < Iy(u), which contradicts the definition of
M ()) since w € N). Let us show that u is a local minimum point of I. Since 0 < E)(u) =
Jo alu|?dx, we can find a sufficiently small r > 0 such that Ex(v) > 0 and [, alv|?dz > 0 for
any v € By(u), i.e., |[V(u—v)|, < r. Thus, for each v € B,(u) we have t\(v)v € Ny N AT,
and therefore

I(u) = inf{I\(w) : we Ny} < L\(tx(v)v) = gn>i(r)1[,\(tv) < Iy(v),

which means that u is a local minimizer of Iy.
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Let us prove that either v > 0 or u < 0 in QF. Clearly, if u is a minimizer of M()),
then so is v := |u|. Hence v is a nonnegative local minimum point of I, and we deduce from
Lemma 2.11 that v > 0 in Q. Consequently, u cannot change the sign inside any connected
component of QF.

Let us show that the minimizer u is a global minimum point of I whenever A < A\;(p).
The case A < Ai(p) is simple, see the discussion at the beginning of Section 1.1. Let A = A1(p)
and suppose, by contradiction, that there exists w such that Iy(w) < Iy(u)(< 0). Noting
that E)(w) > 0 by the definition of Ai(p), we obtain [, alw|?dz > 0. If Ex(w) > 0, then
ta(w)w € NyNAT and I (t)(w)w) < Iy (w), and hence we get a contradiction to the definition
of M(\). If Ex(w) = 0, then w = tp, for some ¢ # 0. That is, [, appdr > 0. But in this case
Theorem 1.11 (iii) yields M (\) = —oo, which is impossible since u is a minimizer of M (\) by
the assumption. O

Proof of Proposition 1.6. (i) We start by showing that M is (strictly) decreasing on
(—o0, A*]. Recall that M (M) is attained for any A < A*, see Theorem 1.5. Let uy be a
corresponding minimizer, that is, uy € Ny N AT and M () = I (uy).

Taking any A < u < A*, we conclude from the definition (1.5) of A* that Ej(uy) >
E, (uy) > 0. Therefore, t,(u))uy € N, N A", and we obtain the monotonicity:

p—q (Jqalux|?dx)r=a
Pq (Ex(uy))7e

_Dp

pP—q (fQ aluy|? dx) p—q
P4 (By(uy))a

M) = Ix(ux) = Ia(uy) = —

= Ju(ur) = L(tu(ur)un) = M(p).

Let us show now that M(X) > M(A*) for any A < A*. In view of the definition of \*, we
have Ey«(uy) > 0. If Ex«(uy) > 0, then the same arguments as above yield the desired
monotonicity. Assume that Ey-(uy) = 0. Recalling that [, auy|?dz > 0, we conclude that
uy is a minimizer of A*, and hence Proposition 2.1 implies that \* = A{(p) and uy = ty, for
some t # 0. Therefore, Theorem 1.11 (iii) gives M (A\*) = —o0, and the monotonicity of M (\)
follows.

Finally, recalling that M(\) = —oo for any A > A\* (see Theorem 1.5), we deduce that M
is nonincreaging on R, which completes the proof.

(i1) The proof follows from Proposition 4.1 (i) below.
(iii) The proof follows from Proposition 4.1 (ii), (iii) below. O
Let us now prove the following general facts.

Proposition 4.1. Let {\,} C R be a convergent sequence such that A, < \*, and set \ :=

lir_il An. Let uy, be a ground state of (Py,). Then the following assertions are satisfied:
n—-+0oo

(i) Let X < X*. Then {u,} is bounded in Wol’p and has a subsequence strongly convergent
in Wol’p to a ground state of (Py) as n — +oo.

(ii) Let A = X\* and M(\*) = —oo. Then nll)r_ir_looHVuan = 400, nll)r_ir_lool)\n(un) = —00,

[un|/||Vunllp = ¢p strongly in Wol’p as n — +oo along a subsequence, and \* = \i(p).
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(i) Let A= X" and M(\*) > —oco. Then lim Iy (u,) = M(\*).

n—-+00

Proof. Since X\, < A*, the ground state u,, is a minimizer of M (),), and hence |u,| is also a
ground state. Therefore, each |u,| is a solution of (P),) satisfying

Ey, (lup]) = / alup|?dz > 0. (4.1)
Q
Taking p such that u < X\ = lirf A and recalling that M is decreasing by Proposition 1.6 (i),
n—-—+0o0o
we observe that
limsup I, (up) = limsup M (A\,) < M(p) < 0. (4.2)
n——+0oo n—-+00

(i) Let A < \*. We claim that {u,} is bounded in Wol’p. Suppose, by contradiction, that
|Vup||p = +o0. Clearly, we also have ||V|u,|||, = +oo. If A # Ai(p), then the contradiction
follows from Lemma 2.24 applied to {|u,|}. In the case A = A1 (p), Lemma 2.24 ensures that the
sequence of v, = |u,|/||Vuy||, converges to ¢, strongly in Wol’p, up to a subsequence. Since

lim [, av} dz > 0by (4.1), we have [, apjdz > 0, and hence A* = A1 (p) by Proposition 2.1.

n——+oo

Thus, A < A* = A\i(p), which contradicts our assumption A = Ai(p). Consequently, {u,} is
bounded in Wol’p, and Lemma 2.25 in combination with (4.2) guarantees that {u,} converges
to a ground state of (P)) strongly in WO1 P up to a subsequence.

(i) If {u,} has a bounded subsequence, then, as above, Lemma 2.25 in combination
with (4.2) justifies the existence of a ground state of (Py), and hence M (\*) > —oo, which
contradicts our assumption M(A*) = —oo. Therefore, we have nEI—ir—loo IVu,|l, = +o0, and

Lemma 2.24 implies that the sequence of |u,|/||Vuyl|, converges to ¢, strongly in I/VO1 P up
to a subsequence. Finally, let us show that liril I, (up) = —oo. Fix any R > 0. Since
n——+0o0o

M (X*) = —o0, we can choose v € Ny« N AT such that I +(v) < —R. Thus, for any sufficiently
large n we have ty, (v)v € Ny, N AT, and so

I, (up) = M(\,) < Iy, (tx, (v)v) < Iy, (v).

This yields limsup Iy, (un) < In+(v) < —R. Since R > 0 is arbitrary, we conclude that
n—+oo

nll}l—iI-loo Iy, (uy) = —o0.

(iii) We know from Proposition 1.6 (i) and Remark 2.5 that 0 > I, (u,) > M (X\*) for any
n € N. Suppose, contrary to our claim, that there exists C' > 0 such that I (u,) > M(A\*)+C
for any n. Since M (\*) > —oo, we can find u € Ny« N AT satisfying

0> Iy, (un) > M(X) +C > Iy (u) > M(\Y). (4.3)

Due to our assumptions A, < A* and u € Ny« N A", we have E) (u) > E\«(u) > 0 for any n,
and hence ¢y, (u)u € Ny, N AT. This yields Iy, (¢ta, (w)u) > M(A\,) = I, (uy). On the other
hand, by the continuity, we have I, (ty, (u)u) — Iy«(u) as n — +oo. This contradicts (4.3)
for all sufficiently large n. O

Proof of Proposition 1.9. For convenience, we prove our assertions in a nondirect order.

(v) Recall that \* = A§ and Aj is attained, see Proposition 2.1. Let uy be a minimizer
of A\§. In particular, ug satisfies Ex-(ug) = 0 = [, alug|?dz. Fixing any A > \*, we have
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Ey(up) < 0. Assume first that there exists v € Wol’p such that [, aluo|??ugv dz < 0, and set
U 1= ug + v for € > 0. Then for any sufficiently small € > 0 we have

3
Ey(us) <0 and / alue|?dr = q/ / alus| " 2ugv ds dx < 0.
Q Q Jo

Consequently, ty(ues)us € Ny N A~ for such € > 0, and we get

P
— alug|? dx|rp—a
M~(A) = inf  Iy(w) < Iy(t(uo)ue) = Jy(ue) = 21 [Jo ol q| S0 (4.4)
ueNNA pq ‘E’/\(ua)|p7q

as € — 0 because E)(up) < 0 and [, alug|?dz = 0.

Assume now that [, aluo|? ?uov dz = 0 for any v € Wol’p. This implies that alug|?2ug = 0
a.e. in Q, and hence ug = 0 a.e. in QF. Take any v € C§°(2) \ {0} with the support in Q
and set u. := ug + ev. Recalling that [ alug|?dx = 0, we obtain

/a!uelqd:c:/au0|qu—|—€q/av]quzsq/av]qu<0
Q Q Q Q

for any £ > 0. Moreover, since A > \*, we have F)(u.) < 0 for any sufficiently small € > 0 by
the continuity. Arguing as in (4.4) above, we obtain the desired result.

(i) Let A1(p) < A < p < A* and let uy be a minimizer of M~ (\) which exists by Theo-
rem 1.7. Noting that

E,(uy) < Ex(uy) = / aluy|?dz <0,
Q

we get t,(ux)uy € Ny NA~, and hence

_p
p—q UQ aluy|? d:v’f’—q
pq \EA(U,\Nﬁ

M™(A) = In(uy) = Ja(ur) =

_p
P4 ’f9a|u>\|qdaz’1’—q _
P4 |Eu(uy)|7

Ju(ur) = Lu(tu(un)ur) = M~ (p).

That is, M~ is decreasing on (A1(p), A*]. The fact that M~ is nonincreasing on (A1(p), +00)
follows from the assertion (v).

(iii) Let {\,} be any sequence satisfying A, > A1(p) and A\, = Ai(p) as n — +o00. Choose
a minimizer u, > 0 of M~ ()\,), that is, u, € N, N A~ and M~ (\,) = I, (u,). Consider
the normalized function v, = uy/||Vuy||p. We have Ej, (v,) < 0 and [, avi dz < 0. Thanks
to [[Vop|l, = 1, there exists vy € Wol’p such that v, — vy weakly in Wol’p and strongly in
LP(Q), up to a subsequence. The inequality E),(v,) < 0 implies 1 = |[Vo, |, < Anllvnlb,
which yields vy # 0 a.e. in §2. Since E}y () (u) > 0 for any u € W(}’p and E}y () (u) = 0 if and
only if u = tp,, t € R, we conclude that

0 < Ey,(p)(vo) < liminf By, (vs) <0
and so vy = ty), for some ¢t > 0. Moreover, v, — t¢, strongly in Wol’p. Thus, we have

By, (vn) = tPEy (p)(pp) =0 and / avl dx — tq/ apddr <0,
Q Q
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where the last inequality is given by the assumption of the proposition. Consequently,

Cp—q | foavhde|7a

M~ (M) = IAn(un) = JAn(un) = J/\n(vn) P By ( )’L
M, (Un) | Pa

— +00,

which completes the proof since {\,,} is arbitrary.

(iv) Let us show that M~ (\) — M~ (\*) as A — A* — 0. In view of the monotonicity
stated in the assertion (i), we suppose, by contradiction, that there exists a sequence {\,} C
(A1(p), A\*) such that lim A, = A* and M~ (\*) < liminf M~ (),). Choose any u € Ny~NA~

n—-+oo n—-+o0o
such that
M~=(\*) < Iy-(u) < liminf M~ (\,). (4.5)

n—-+4o00o

By the continuity, we have E), (u) — Ex+(u) < 0asn — +oo. This yields ¢y, (u)u € Ny, NA~
for any sufficiently large n, and ¢, (u) — 1, and therefore

M~ (A\p) < I, (tx, (w)u) = I« (u) as n — o0,

which contradicts (4.5).

(ii) The continuity of M~ (A) follows from Proposition 4.3 below. O

Remark 4.2. The assertion (v) of Proposition 1.9 coincides with that of [41, Lemma 2.9 (2)].
This lemma is more general in nature, but its application to the problem (P)) requires addi-
tional assumptions on a (see [41, Section 3.1|). Arguing in much the same way as in the proof
of the assertion (v) above, one can show that M~ (\) = 0 for any A > A\j (> A*), regardless
the sign of [, ayj dx.

Proposition 4.3. Assume that fQ appdr < 0. Let {\,} C R be a convergent sequence such
that 11111 An =1 A € (M1(p), \*). Let uy, be a minimizer of M~ (\,). Then {u,} is bounded
n—-—+0o0

m Wol’p and it has a subsequence strongly convergent in Wol’p to a minimizer ug € Ny N A~
of M—(\).

Proof. Notice that |uy| shares with u, the property of being a minimizer of M~ (\,). In view
of the assumption A > Ai(p), we apply Lemma 2.24 to deduce the boundedness of {|u,|}
and hence of {u,} in Wol’p. Thus, by Lemma 2.21, {u,} converges to a solution ug of (Py)
strongly in Wol’p, up to a subsequence. We have ug #Z 0 in Q. Indeed, taking p € (A, \*),
Theorem 1.7 and Proposition 1.9 (i) imply that M~ (\,) > M~ (u) > 0 for any sufficiently
large n. Therefore, we get
I\(uo) = lim Iy, (up)= lim M~(An) 2 M~ (p)>0,

whence ug € Ny NA~ and, in particular, ug is nonzero. Finally, in order to prove that wug
is a minimizer of M~ ()), let us show that I)(ug) < Iy(w) for all w € Ny N A~. Fix any
w e NyNA". Then ¢y, (w)w € Ny, NA~ for all sufficiently large n, and we obtain

D, (un) = M~ (M) < Iy, (tr, (w)w). (4.6)

Noting that ¢y, (w) — 1 by w € N}, and passing to the limit as n — +oo in (4.6), we get our
assertion. O
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5. Existence after \*. Proof of Theorem 1.16

In this section, we prove Theorem 1.16. Throughout the section, we always assume that either
the assumption (1) or (IT) of Theorem 1.16 is satisfied.

5.1. First solution

We prove Theorem 1.16 (i) and the first part of Theorem 1.16 (ii) on the existence of a local
minimum point.

5.1.1 Local minimizer

Our arguments will rely on the definitions and results from Section 3.2. Take a sufficiently
small 6 > 0 as required in Lemmas 3.2 and 3.3. Let us show that there exists A > A" such
that for any A € [\*, \) we have

inf{I)(u) : uwe K*} <inf{I\(u): uedK}}, (5.1)

where the sets K*, K3, 0Kj are defined by (3.8), (3.10), (3.13), respectively. We emphasize
that these sets do not depend on A. In the case A = \*, (5.1) is stated in Lemma 3.3. The
validity of (5.1) in a neighborhood of A\* follows from the continuity arguments. More precisely,
writing

~ ~ A= A"
Iy(u) = Iy« (u) — /u"idx
p Q
and recalling that Kj is bounded in I/VO1 P by Lemma 3.2, we obtain the following uniform
estimates with respect to u € K§ provided A > \*:

*

Y ~
max{|[v|F: v e K} = I(u) + (A =A%) C.

L) < T (u) < Ty (u) + 2

Note that C' € (0,4+00) is independent of \. Using Lemma 3.3, we get the following inequalities
for any A > \*:

inf Iy(u) < inf Iy(u)=MO\) < inf ©Lye(u) < inf Ly(u)+ (A= A\)C

ucK* ueK* u€oKy u€dKy

Therefore, by the continuity, there exists A > A* such that (5.1) is satisfied for all X € [\, 2).

Let us now consider a minimization problem
Mo(A) := inf{I\(u): ue K}}

for X € ()\*,X). Since K is weakly sequentially compact (see Lemma 3.2), any minimizing
sequence of Mo()\) has a weakly convergent subsequence and its weak limit u) belongs to
K3. Noting that I is weakly lower semicontinuous, we deduce that Mo(\) is attained by w.
In view of the inequality (5.1), uy stays in the interior of Kj. Consequently, uy is a local
minimum point of I, and hence a nonnegative solution of (Py). Clearly, u, is nonzero and
I\(uy) < 0 according to Lemma 2.14. Moreover, u, is positive in QF by Lemma 2.11.
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We define a critical value

A} * * \ . 1,p .
A = sup { A > \* | for any A € (A 7)\)Nthere exist u € W, ang neighborhood }  (5.2)

K of u such that I\(u) = infg I, <infar Iy
From the above arguments, we have A* > A*. Notice that u in the definition of A* is a local
minimum point of I which may not be a strict local minimum point. We conclude, as above,
that u is a nonnegative solution of (P)) such that I(u) < 0 and v > 0 in Q.

5.1.2 Least fxenergy solution

Let us define a critical value
A :=sup{\: (P)) possesses a nonnegative solution u such that v > 0 in Qf}. (5.3)

We know from Section 5.1.1 that A > A* > A\*. Moreover, it will be proved in Section 5.3
that A is finite.

We start by showing that on the whole interval (A*, A), (Py) has a nonnegative solution
which is positive in Q. The interval (A\*, A*) is covered by Section 5.1.1. Thus, if A = A*,
then we are done. Assume that A > A* and take any A\ € [A*,A). By the definition of A,
there exists A € (), A] for which (P;) possesses a nonnegative solution @ such that @ > 0 in
QF. Clearly, u is a supersolution of (P)), i.e.,

/ |VaP2VaVe dz > )\/ a’ o dr —|—/ au? o dx

Q Q Q

for any nonnegative ¢ € W&’p. Moreover, recall that @ € L>(Q)NC™5(Q) for some 8 € (0,1),
see Remark 1.1. We take u = 0 as a subsolution of (Py). It is not hard to verify that the set

S::{uEWol’p: 0<wu<ua.e. in Q}

is closed in WO1 P and convex, and hence S is weakly closed. Therefore, we deduce from [43,
Theorem 1.2] that some uy € S delivers a minimum value of I (and hence of I,) over S. Then,
arguing exactly as in the proof of [43, Theorem 2.4|, we conclude that u) is a (nonnegative)
solution of (Py).

Since wuy is a minimizer of Iy over S, it is easily seen that that w) is nonzero. Indeed,
consider any nonnegative ¢ € C5°(2)\ {0} with the support in Q. In view of the assumption
q < p and the inequality [, a@?dz > 0, we deduce that I(te) < 0 for any sufficiently small
t > 0. Recalling that 4 > 0 in QF and suppp C QF, we have ty € S provided ¢ > 0 is small
enough. Thus, min{/)(w) : w € S} < 0, which yields Iy(uy) < 0 and uy # 0 in Q.

Let us show that wy > 0 in QF. We will argue similarly to the proof of Lemma 2.11.
Suppose, contrary to our claim, that uy(zg) = 0 for some xy € QF. By the strong maximum
principle, we have u) = 0 in a connected component A of QF containing x¢. Consider any
nonnegative ¢ € C5°(2)\ {0} with the support in A. As above, since ¢ < p and [, ap? dx > 0,
we have I)(ty) < 0 for any sufficiently small ¢ > 0. Taking ¢ > 0 smaller, if necessary, we also
get uy + tp € §. Therefore, we arrive at the following contradiction:

I)\(U)\) = min{[,\(w) W e S} < I)\(U)\ + tcp) = I)\(U)\) + I)\(t@) < I)\(U)\).

Since TA(QA) < 0 and A > A* > A\{(p), Proposition 2.23 guarantees the existence of the
desired least Iy -energy solution wy for any A € (A\*, A), and wy > 0 at least in some connected
component of Q.
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5.2. Mountain pass solution

In this section, we prove the existence of another solution vy of (Py) for any A € (A*, A*), as
stated in Theorem 1.16 (ii), where A* is defined by (5.2). First, we establish a slightly more
general (but less precise) result.

Theorem 5.1. Let A > \*. Let u € Wol’p be a local minimum point of f,\, Then there

exists another critical point v of I, v #u, Iy(u) < T,\(U) <0, and v > 0 in some connected
component of 0.

Proof. Let u be a local minimum point of I,. Then T,\(u) < 0 by Lemma 2.14. Let us
take any w € Wol’p satisfying I(w) < Ir(u). Such w exists since M(A) = M()\) = —oo by
Proposition 2.8, Theorem 1.5, and the assumption A > A\*. By standard arguments, we define
the following mountain pass value:

= inf IN
c(w) Jdnf | max A(v(s)),

where

T(w) = {7 € C([0,1], W)+ 4(0) = u, 7(1) = w} . (5.4)

Since 1, \ satisfies the Palais—Smale condition according to Lemma 2.22, [39, Theorem 1| implies
that c(w) is a critical level of I, and there exists a critical point v = v(w) such that c(w) =
I\(v) and v # u. On the one hand, if ¢(w) = I (u), then [39, Theorem 1] ensures that v is also
a local minimum point of Iy. Consequently, we have ¢(w) :~f)\(v) < 0and v >0in QFf by
Lemma 2.11, and we are done. On the other hand, if ¢(w) > I\(u), then v is a mountain pass
solution of (Py). If we know that ¢(w) < 0, then v # 0 in €, since otherwise Lemma 2.16
gives a contradiction to I(v) = ¢(w) < 0. That is, v > 0 at least in one connected component
of QF see Remark 2.10. Thus, in order to conclude our proof, it suffices to show that c(w) < 0

for some function w by constructing a “good” path in T'(w).

Recalling that M()\) = —oco and passing to the absolute value, we have the existence of
w € N, such that w > 0 a.e. in Q and I\(w) < I)(u). Consider the path

€(s) = ((1 = s)ud 4 sw)M9  for s € [0,1].
Since u,w > 0 a.e. in 2, we see that
£(s)>0 ae in Q andso I (&(s)) = In({(s)) for any s € [0,1].

Moreover, by w € N, and I}(w) < 0 we get [, aw?dx > 0, and hence
/ a(¢(s))lde = (1— s)/ au? dx + s/ aw?dz >0 for any s € [0, 1]. (5.5)
Q Q Q

If E\(€(s)) > 0 for all s € [0,1], then we readily see that Iy(tx(£(s))E(s)) < 0 for all
s € [0,1], and hence t5(£(s-))¢(-) is the desired path belonging to I'(w). Recalling that
E\(€(0)) > 0 and E)(£(1)) > 0, we suppose now that there exists sp € (0,1) satisfying
Ex(£(s0)) = 0. Without loss of generality, we set

VA

o

so:=1inf{s € (0,1): E\(£(s)) <0} =inf{s € (0,1): E\(£(s)) <0},
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whence Ej(£(s)) > 0 for all s € (0, s0). In view of (5.5), we deduce that I (£ (£(s))E(s)) < 0
for all s € (0,5s¢), and

_ q gy Poa
p—q (Joauldz)r=

Ix(EA(§(5))E(s)) = Ja(€(s)) = — M (B
A(u))r—a

—o0 as s 7 sg.

Thus, we can find s; € (0,s0) such that I)(£x(£(51))€(s1)) = In(tA(€(51))(s1)) < In(u )
Taking w := t)(§(s1))§(s1) and considering the path n(s) = tx(£(s15)){(s15) for s € [0, 1], w

see that n € T'(@) and ¢(w) < m[ax] I\ (n(s)) < 0, which completes the proof. D
0,1

Now we are ready to prove the existence of the mountain pass solution of (Py) stated in
Theorem 1.16 (ii). Let A € (\*, A*) and let u be a local minimum point of I provided by the
definition (5.2) of A*. Recall that I)(u) < 0 by Lemma 2.14. In view of the definition of A*,
there exists a neighborhood K of u with the following property:

inf{I\(«') : v € OK} > inf{I\(«'): v € K} = I)(u). (5.6)

Thus, any w € Wol’p such that I (w) < TA(u) must satisfy w ¢ K. Consequently, any path
belonging to T'(w) (see (5.4)) intersects K, and (5.6) yields c(w) > Iy(u). Arguing now
exactly as in the second part of the proof of Theorem 5.1, we obtain a mountain pass solution
vy such that 0 > c(w)(or ¢(@)) = Ix(vy) > Ix(u), and vy > 0 in some connected component
of QF. This completes the proof of Theorem 1.16 (ii).

5.3. Boundedness of A. Proof of Theorem 1.16 (iii)

As a consequence of the definition (5.3) of A, for any A > A there is no nonnegative solution
to (Py) which is positive in QF. To make this statement nontrivial, we have to show that
A < 400, In fact, we provide a slightly more general result, whose proof is rather standard
anyway. Let us define

Ay :=sup{\: (P)) possesses a solution u such that u > 0 in Q}.

That is, we do not require the solution u in the definition of A; to be nonnegative. Evidently,
we have A < Aq.

Proposition 5.2. Assume that

Jos IVl da

A > A(p Q) = inf
l(p ) { fﬂi@pd:p

€ C5°(24) \ {0}, wzo}.

Then (Py) does not possess a solution u satisfying u > 0 in QF. In particular, A < Ay <
A (p; QF) < +o0.

Proof. Let u € Wol’p(Q) be a solution of (Py) with some A € R such that u > 0 in Q. Recall
that u € C}(£2), see Remark 1.1. Let us take any nonnegative ¢ € C5°(Q) \ {0} satisfying
suppp C QF. Then there exists ¢ > 0 such that u(z) > ¢ for any = € supp . Therefore,
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2 € L*>(Q), and so, by the regularity, uf—: € CH(92}F) and we can use it as a test function for
(Py). Applying the standard Picone inequality [4, Theorem 1.1], we get

P
/+ V|P do > /+ IVu|P~2Vuv <ufl) dx
Qq Qq

= )\/ oP dx —|—/ a(z)u? PP dx > )\/ P dx.
of of of

Consequently, A must be bounded from above as follows:

fgj |VlP dx
T JorePda

Minimizing over all such ¢, we conclude that A < A\ (p; Q). O

Remark 5.3. The same argument as in the proof of Proposition 5.2 shows that (P)) does not
possess a solution u satisfying u > 0 in a connected component A of QF provided A > A1 (p; A).
In particular, if {A;} is the set of all connected components of QF and max; \i(p; A;) <
+00, then (Py) does not possess a solution u satisfying 0 # « > 0 in Qf whenever A\ >
max; A1(p; A;). Consequently, if (Py) has a nonzero solution u for such A, then either u = 0
in QF or there exists a connected component of Q" where u changes sign.

6. Proof of Theorem 1.19

Let us note that A;(p) = A* since we impose the assumption fﬂ apy dr = 0, see Proposition 2.1.
Recall that ff{ is the truncated functional defined by (1.9) with the weight function a, = a+pub
replacing a.

The proof of the first part of Theorem 1.19 goes along the same lines as the proof of
Theorem 1.16. Indeed, since I} is a continuous perturbation of Iy-(= I0.), we have the
analog of the key inequality (5.1) for I {'. Namely, there exist i > 0 and € > 0 such that for
any pu € (—g, 1) and any X € [A1(p) — &, \1(p) + €] we have

inf{I%(u) : uwe K*} <inf{I%(u): uecdK}}. (6.1)

Here, K*, K}, and K5 are the sets defined in Section 3.2, and these sets are independent of
v and A. The case p < 0 implies [, a,op dz < 0, which is covered by Theorem 1.16. That is
why we are interested only in p € (0, i), for which there holds [, a,p dx > 0.

Fixing p € (0, 2) and considering a minimization problem
M,(\) == inf{I¥(u) : ue K}}

for A € [\i(p) —¢€, Ai(p) +¢€], we deduce as in Section 5.1.1 that M, ()) is attained by a critical
point uy € Kj of fﬁf which is a local minimum point, Tf\‘(u,\) < 0 by Lemma 2.14, and ) is
positive in QF in view of Lemma 2.11. Arguing now exactly as in Sections 5.1.2, 5.2, and 5.3,
we obtain the analogs of the assertions (i), (ii), (iii) of Theorem 1.16 for the problem (PY)

and the corresponding functional 1.
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Let us prove the second part of Theorem 1.19 on the existence of three solutions in a left
neighborhood of Ai(p). Since uy € Kj, Kj is compact in LP(§2) and L?(f2) (see Lemma 3.2),
and K7 is independent of A\ and p, we obtain the following uniform lower bound on I f\L (uy):

~ llallso + 715l

Rtun) 2 =2 max(os 3 0 € K5 ) masc{ o 12 v € K3 }

for any X € [A\1(p) —e, A\1(p)]. At the same time, in view of the inequality [, a,pdz > 0, the
global minimum point wy of I§ given by Theorem 1.5 (i) for A < A (p) satisfies I{ (wy) — —o0
as A = Ai(p) — 0, see Proposition 1.6 (iii) in combination with Theorem 1.11 (iii). Thus, we
conclude that there exists a sufficiently small € > 0 such that

I (wy) < I (uy) <0 for any A € (Ai(p) — €, A1 (p)). (6.2)

In particular, wy is different from uy for such A. Finally, using (6.2) and arguing as in
Section 5.2 (see also [39, Corollary 1|), we establish the existence of the third critical point vy
of ff( for any A € (A\1(p) — €, A1(p)). Thanks to the inequality (6.1), this critical point has the
mountain pass type and satisfies I (wy) < I¥(uy) < I¥(vy) < 0. Therefore, we obtain three
different nonnegative solutions of (P)). The proof is complete.

7. Nonexistence after \*. Proof of Theorem 1.23

Let u € WP be a nonnegative solution of Py) such that v > 0 in Q. Fix any € > 0. Then
0 g a

q
& € L™(Q), and so we can choose (714:2# as a test function for (Py). Applying the classical

Picone inequality |4, Theorem 1.1] and the generalized Picone inequality [9, Theorem 1.8], we

get
q—1 q—1
U _ U
A/Q<u+5> uP qgogdzn—l—/ga<u+€> gogdfc

q

—2 ¥p -2 ep " '
— VulP2vuv [ —22 < Vo [P 2Vo, V| 22 ) 1
/Q’ ul Y ((u—i—e)q 1>dx /Q’ i v ((u—i—a)q p) e (-1

In order to simplify the most right integral in (7.1), let us investigate the regularity of the

function % T (u + £)P~9. Since the assumption (1.10) is satisfied, we have p < g + 1 by [9,

Lemma 1.6]. Thus, recalling that ¢,,u € C?(Q) (see Remark 1.1), we obtain AR (T

e)P~7 € C(Q) and it is zero on 0. On the other hand, we have

(pg—erl u4e\P © q—p+1
‘V <(u+€)q_p> <(g—-p+1) < P ) |v90p|+(p_Q) <p> [Vul. (7.2)

p U+e€
Clearly, the second term on the right-hand side of (7.2) is bounded in 2. Noting that ¢,
satisfies the Hopf maximum principle, we deduce the existence of a constant ¢ > 0 such that
op(x) > cdist(z, 0R) for any x € 2. This yields the following estimate for the integral of the
first term on the right-hand side of (7.2):

u+e\’? 1
a=red) [[(155) 1Walar <€ [ Gt o )
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for some C' > 0. Recalling that p — ¢ < 1, we see that the integrals in (7.3) are bounded.
Therefore, we conclude that % P (u + )?~9 € W, (Q). Consequently, there exists a se-
quence {v,} C C3°(Q) such that v, — @4 P (u4 )P~ strongly in W1(Q). By the triangle

inequality, we get

2 o _ep
p- TP ) g — A Pl TP g
/Q\pr\ VoV | e | & 1(p)/g<pp e

2 wp [ _eh
p- Sy, )d por (P ) d
Jurwest2va® (G = o Lo (s ) o

+ ’/ VP2V, Vo, dz — /\1(p)/ gog*lvn dx|. (7.4)
Q Q

< + Ai(p)

Thanks to the C1#(Q)-regularity of ¢, and the convergence of {v,}, the first and second
integrals on the right-hand side of (7.4) tend to zero as n — co. Moreover, since ¢, is the
first eigenfunction of the p-Laplacian, the third integral on the right-hand side of (7.4) is zero
for any n.

As a consequence, we deduce from (7.1) and (7.4) that
—p+1

u \7! —q g u \*! q p—1 b
A “pld dr < \ T
L(is) e [o(G) e [ A

Letting € — 0, we obtain

(M(p) — )\)/ uP ol de > / apy dz. (7.5)
Q {z€Q: u(x)>0}

Recalling that v > 0 in QF and a <0 a.e. in Q\ Q (the third assumption in (1.1)), we get

/ ap} dr = / ap} dr — / ap} dr > / ap} dx. (7.6)
{zeQ: u(z)>0} Q {zxeQ: u(x)=0} Q

Combining (7.5) and (7.6), we arrive at

()q(p)—)\)/ﬂupqgogdmZ/Qagogdx.

This leads to either A < Ai(p) or A < Ay(p), provided [,apfdr > 0 or [,apjdz = 0,
respectively, which proves the theorem.
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